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Abstract
In classical curve theory, the geometry of a curve in three dimensions is essentially
characterized by their invariants, curvature and torsion. When they are given, the
problem of finding a corresponding curve is known as ’solving natural equations’. Ex-
plicit solutions are known only for a handful of curve classes, including notably the
plane curves and general helices.
This paper shows constructively how to solve the natural equations explicitly for
an infinite series of curve classes. For every Frenet curve, a family of successor curves
can be constructed which have the tangent of the original curve as principal normal.
Helices are exactly the successor curves of plane curves and applying the successor
transformation to helices leads to slant helices, a class of curves that has received
considerable attention in recent years as a natural extension of the concept of general
helices.
The present paper gives for the first time a generic characterization of the slant helix
in three-dimensional Euclidian space in terms of its curvature and torsion, and derives
an explicit arc-length parametrization of its tangent vector. These results expand
on and put into perspective earlier work on Salkowski curves and curves of constant
precession, both of which are subclasses of the slant helix.
The paper also, for the benefit of novices and teachers, provides a novel and gener-
alized presentation of the theory of Frenet curves, which is not restricted to curves with
positive curvature. Bishop frames are examined along with Frenet frames and Darboux
frames as a useful tool in the theory of space curves. The closed curve problem receives
attention as well.
Keywords: Curve theory; General helix; Slant helix; Curves of constant precession; Frenet equations;
Frenet curves; Frenet frame; Bishop frame; Darboux frame; Natural equations; Successor curves;
Salkowski curves; Closed curves.
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1 Introduction
In classical three-dimensional curve theory, the geometry of a curve is essentially character-
ized by two scalar functions, curvature κ and torsion τ , which represent the rate of change of
the tangent vector and the osculating plane, respectively. Given two continuous functions of
one parameter, there is a space curve (unique up to rigid motion) for which the two func-
tions are its curvature and torsion (parametrized by arc-length). The problem of finding
this curve is known as solving natural or intrinsic equations and requires solving the Frenet
(or an equivalent) system of differential equations (see Scofield (1995); Hoppe (1862)). One
actually solves for the unit tangent and obtains the position vector by integration. Explicit
solutions are known only for a handful of curve classes, including notably the plane curves
(solved by Euler in 1736) and general helices.
Recall that general helices or slope lines are defined by the property that their tangent
makes a constant angle with a fixed direction in every point. Their centrode, the momentary
axis of motion, is fixed. Similarly, the principal normal vector of a slant helix makes a
constant angle with a fixed direction and its centrode precesses about a fixed axis. The term
was only recently coined (Izumiya and Takeuchi (2004)) but such curves have appeared in
the literature much earlier (e. g. Hoppe (1862); Bilinski (1955): 180; Hoschek (1969)).
In particular, Salkowski studied slant helices with constant curvature (Salkowski (1909),
Monterde (2009)) and Scofield derived closed-form arc-length parametrizations for curves
of constant precession, slant helices with the speed of precession (and not just the angle)
being constant (Scofield (1995)). Menninger (1996) (chapter 9) appears to have been the
first study of what is now known as slant helices as a curve class in its own right. More
recently, there has been considerable interest in the slant helix among curve geometers (e.g.
Kula and Yayli (2005), Kula et al. (2010), Ali (2012), Camci et al. (2013)).
The close relation between slant helix and general helix leads to the concept of the
successor transformation of Frenet curves. Given a Frenet moving frame, we can construct a
new Frenet frame in which the original tangent vector plays the role of principal normal. It
turns out that general helices are the successor curves of plane curves, and slant helices are
the successor curves of general helices. Curves of constant precession are the successor curves
of circular helices, which in turn are the successor curves of plane circles. This transformation
could be repeated indefinitely to give rise to new, yet unexplored classes of curves.
In this paper, after a succinct review of Frenet curve theory, the successor transformation
of Frenet curves is introduced and its general form given (section 2.4). It is then, in section
3, applied to plane curves and helices to derive a generic characterization of the slant helix.
2
2 Frenet Space Curves
2.1 Regular Curves and Moving Frames
This section introduces basic concepts of classical curve theory. The following will be con-
cerned with regular curves in oriented three-dimensional euclidian space R3, endowed with
an inner product,
〈u,v〉 = ‖u‖‖v‖ cos θ,
and a cross product,
u× v = ‖u‖‖v‖ sin θN,
for any u,v ∈ R3, where θ ∈ [0, pi] is the angle between u and v and N is the positively
oriented unit vector perpendicular to the plane spanned by u and v. In particular,
u ⊥ v⇔ 〈u,v〉 = 0 and u ‖ v⇔ u× v = 0.
Definition 2.1 (Regular Curves). A parametrized curve is a Ck map x : I 7→ Rn (where
k ≥ 0 denotes the differentiation order) defined on an interval I ⊂ R. We can picture it as
the trajectory of a particle moving in space, with position vector x(t) and (if k ≥ 1) velocity
x˙(t) = dx
dt
at time t. The image x[I] is called trace of the parametrized curve.
A parametrized C1 curve x(t) is called regular if it has a nonvanishing derivative x˙(t)
at every point. A regular parametrized curve x(t) has a well-defined and continuous unit
tangent vector T(t) = x˙(t)/‖x˙(t)‖ and can be parametrized by arclength (cf. Ku¨hnel (2006):
9), denoted s throughout this paper. The intrinsic geometric properties of regular curves are
independent of regular parameter transformations and any regular curve can be represented
by an arclength (or unit speed) parametrization x(s) with x′ = T.
Definition 2.2 (Vector Field). A Ck vector field along a parametrized curve x : I ⊂ R 7→ Rn
is a Ck map v : I 7→ Rn, and a unit vector field is a vector field of unit length, V : I 7→ Sn−1.
A vector field v that is everywhere linearly dependent on a unit vector field V of the same
differentiation order is called normalizable. It is v(s) = 〈v(s),V(s)〉 ·V(s) and it is said that
V normalizes v. Any nowhere-vanishing (non-degenerate) vector field is normalizable but
that is not in general the case. A vector field v is called tangential if v(s) ‖ T(s) and normal
if v(s) ⊥ T(s) for all s ∈ I. A normal C1 vector field is called parallel to the curve if its
derivative is tangential along the curve.
Lemma 2.3. For any two differentiable unit vector fields V and W keeping a constant
angle, it is
〈V,W〉 = const. ⇔ 〈V,W〉′ = 0 ⇔ 〈V′,W〉 = −〈V,W′〉.
Any C1 unit vector field is orthogonal to its derivative. In particular, T′ is normal.
Definition 2.4 (Canonical Curvature and Principal Normal). Let x = x(s) be a unit speed
C2-curve and T = x′ its unit tangent vector. Then the continuous function
κ+ = ‖T′‖ = ‖x′′‖
3
is called its canonical curvature. A point with κ+(s) = 0 is called inflection point, otherwise
strongly regular. A curve without inflection points is also called strongly regular.
The trace of a (sub)interval of the arc length parameter is called a curve segment. A
(straight) line segment is a curve segment with vanishing curvature.
In strongly regular points, the canonical principal normal vector is defined as
N+ = κ
−1
+ T
′.
Remark 2.5. Every regular point of a space curve in R3 has a well-defined tangent line,
spanned by T, and perpendicular normal plane. Every strongly regular point has a well-
defined principal normal line spanned by N+, osculating plane spanned by T and N+, and
rectifying plane perpendicular N+.
Definition 2.6 (Tangential Moving Frame). A moving frame along a regular curve is a
tuple (V1...Vn) of n differentiable, pairwise orthogonal unit vector fields forming a positively
oriented, orthonormal basis of Rn attached to every point of the curve. It is called tangential if
V1 = T. Two tangential moving frames are called equivalent if their tangential components
are the same.
The remainder of this paper is constricted to unit speed curves and moving frames in R3.
Theorem 2.7 (Differential Equations for Moving Frame and Fundamental Theorem). Let
(T,N,M) be a tangential moving frame of a regular space curve. Then a system of differ-
ential equations, with coefficient functions k1, k2, k3 : I 7→ R holds:
TN
M


′
=

 0 k1 k2−k1 0 k3
−k2 −k3 0

 ·

TN
M

 .
Any three continuous functions k1(s), k2(s), k3(s) : I ⊂ R 7→ R determine a unique (up to
a rotation) moving frame of which they are the differential equation coefficients, which in turn
is tangential to a uniquely determined (up to a translation) regular C2 curve. In consequence,
three arbitrary continuous functions taken as coefficient functions of a tangential moving
frame determine a regular unit speed space curve up to a rigid Euclidian motion.
Proof. Lemma 2.3 implies that differentiating a moving frame gives rise to a skew symmetric
matrix of coefficient functions. The resulting system of linear differential equations is known
to have a solution, which is a moving frame, and it is unique up to the choice of initial
conditions (cf. Ku¨hnel (2006): 28). Two moving frames with the same differential coefficient
functions differ only by a rotation. Integrating the tangent component gives an arclength
parametrization
x(s) = x(s0) +
∫ s
s0
T(u)du
of a regular C2 curve, unique up to a translation. Therefore, two solution curves are identical
up to a rigid motion.
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Theorem 2.8 (Totality of Tangential Moving Frames). Let (T,N,M) be a tangential mov-
ing frame of a regular space curve. The totality of equivalent tangential moving frames
(T,N,M) can be expressed as follows, depending on an arbitrary differentiable function ϕ:
TN
M

 =

1 0 00 cosϕ − sinϕ
0 sinϕ cosϕ

 ·

TN
M


The differential equation coefficients get transformed as follows:
k1 = k1 cosϕ− k2 sinϕ, k2 = k1 sinϕ+ k2 cosϕ, k3 = k3 − ϕ′.
Proof. The rotation matrix, denoted R1(ϕ), represents the subgroup of the special orthogo-
nal group SO(3) that leaves the first (tangential) component of the moving frame unchanged.
It is obvious that all eqivalent tangential moving frames can be expressed in this way. Denot-
ing F = (T,N,B)t and the coefficient matrix as K(F ), we have F = R1(ϕ)F , F
′ = K(F )F
and F
′
= R′1(ϕ)F + R1(ϕ)F
′ = [R′1(ϕ) + R1(ϕ)K(F )]R1(−ϕ)F = K(F )F . Evaluation of
K(F ) confirms the stated relationships.
2.2 A Generalization of the Theory of Frenet Space Curves
Conventionally, the theory of Frenet curves in three dimensions is restricted to strongly
regular C3 curves and introduced by constructing the Frenet moving frame (T,N+,T×N+)
(e. g. Ku¨hnel (2006): 13). In this section, a generalized version of Frenet theory is presented
which allows that important classes of curves, including helices and slant helices (section 3
of this paper), can be treated as Frenet curves even if they have inflection points or even line
segments. The price to be paid for relaxing the assumption of strong regularity is the loss
of uniqueness of the Frenet invariants.
Definition 2.9 (Frenet Curves and Frenet Apparatus). Given a unit speed C2 space curve
x : I ⊂ R 7→ R3 with unit tangent vector T : I 7→ S2, T = x′.
a) A principal normal is a normal C1 unit vector field N : I 7→ S2 normalizing T′:
N ⊥ T and N ‖ T′.
b) A binormal is a normal C1 unit vector field B : I 7→ S2 with a normal derivative:
B ⊥ T and B′ ⊥ T (which implies B ⊥ T′).
c) A Frenet frame of the curve is a tangential moving frame (T,N,B) where T is its
tangent, N is a principal normal and B is a binormal.
d) Given a Frenet frame (T,N,B), the following are well-defined and continuous:
• The (signed) curvature κ : I 7→ R, κ = 〈T′,N〉
• The torsion τ : I 7→ R, τ = 〈N′,B〉
• The Lancret curvature ω+ : I 7→ R, ω+ =
√
κ2 + τ 2
• The Darboux vector field Dω :I 7→ R3, Dω = τT + κB
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e) The tuple F = (T,N,B, κ, τ) is called a Frenet apparatus or Frenet system and the pair
(κ, τ) a Frenet development associated with the curve.
f) A Frenet apparatus or moving frame is called generic if along every line segment,
curvature and torsion both vanish (or if it has no line segments).
g) A curve is called a Frenet curve if it has a Frenet frame, and a generic Frenet curve if it
has a generic Frenet frame.
Remark 2.10 (Existence of Frenet Apparatus). Wintner (1956) defined a Frenet curve
as one that possesses a binormal, while Nomizu (1959) and Wong and Lai (1967) defined
it equivalently as a curve possessing a Frenet moving frame. The existence of either a
principal normal or a binormal is sufficient for the existence of a Frenet frame since the
third component can be constructed as B = T×N or N = B ×T, respectively. A regular
curve is a Frenet curve if and only if T′ is normalizable, or equivalently, if the map from
each strongly regular point to the osculating plane has a continuous extension. Curves that
discontinuously ”jump” between planes cannot be Frenet-framed. By definition, a Frenet
curve is regular and at least of order C2. The components of the Frenet frame are at least
of order C1 and the Frenet development at least of order C0.
Remark 2.11 (Surface Curves and Darboux Moving Frame). A special case of a tangential
moving frame is the Darboux Moving Frame (T,S, Nˆ) of a C2 curve with tangent T, situated
on a regular parametrized C2 surface with unit surface normal Nˆ, and S = Nˆ × T. The
differential equation coefficients of the Darboux frame are known as geodesic curvature κg =
〈T′,S〉, normal curvature κn = 〈T′, Nˆ〉 and geodesic torsion τg = 〈S′, Nˆ〉.
Geodesics are surface curves with κg ≡ 0. They are Frenet curves because the unit surface
normal is a principal normal. Curves with κn ≡ 0 are Asymptotic curves and their Darboux
frame is a Frenet frame. Finally, curves with τg ≡ 0 are called Lines of curvature.
The Frenet moving frame is the special case of a tangential moving frame with vanishing
coefficient k2. The Frenet differential equations and the Fundamental Theorem for Frenet
curves follow directly from definition 2.9 and theorem 2.7.
Theorem 2.12 (Frenet Equations). Any Frenet apparatus (T,N,B, κ, τ) satisfies the Frenet
equations
T′ = κN, N′ = −κT + τB, B′ = −τN.
In matrix notation, we have

TN
B


′
=

 0 κ 0−κ 0 τ
0 −τ 0

 ·

TN
B

 = Dω ×

TN
B

 .
We also have the relationships
κ2 = κ2+ = 〈T′,T′〉, ω2+ = 〈N′,N′〉, τ 2 = 〈B′,B′〉.
6
Remark 2.13 (Darboux Rotation Vector). The right hand side of the Frenet equation
suggests that the Darboux rotation vector Dω can be interpreted as the angular momentum
vector of the Frenet frame. Its direction determines the moving frame’s momentary axis of
motion (its centrode) and its length the angular speed ‖Dω‖ = ω+. When Dω is normalizable,
there is a continuous unit Darboux vector D satisfying Dω = ωDω, with |ω| = ω+. The
function ω is the signed Lancret curvature.
Theorem 2.14 (Fundamental Theorem for Frenet Curves). Given a pair of continuous
functions κ(s) and τ(s) : I ⊂ R 7→ R. Then there exists a unit speed Frenet curve with κ(s)
and τ(s) as curvature and torsion. Two Frenet curves with the same Frenet development are
congruent and differ only by a rigid Euclidian motion. The equations κ = κ(s) and τ = τ(s)
are also know as the natural or intrinsic equations of the associated space curve.
Theorem 2.15 (Equivalence of Frenet Developments). Two Frenet developments (κ, τ) and
(κ, τ) characterize the same Frenet curve if and only if there exists a C1-Funktion ϕ so that
κ cosϕ = κ, κ sinϕ = 0 and ϕ′ = τ − τ .
Proof. The conditions (due to Wong and Lai (1967): 11) can be read off theorem 2.8 by
setting k1 = κ, k2 = 0, k3 = τ .
Corollary 2.16 (Curves without Line Segments). For a Frenet curve without line segments
(i. e. κ+ > 0 almost everywhere), ϕ = kpi = const. due to continuity. It has exactly two
equivalent Frenet apparatuses (T,N,B, κ, τ) and (T,−N,−B,−κ,+τ). Its curvature is
unique up to sign and it has a unique and well-defined torsion.
Corollary 2.17 (Total Torsion). The total torsion of a curve or curve segment,
∫ l
0
τ(s) ds, is
invariant modulo pi if none of its end points lies within a line segment, because
∫ l
0
τ−∫ l
0
τ =
ϕ(l)− ϕ(0) and sinϕ(l) = sinϕ(0) = 0.
Remark 2.18 (Hierarchy of Frenet Curves). It is useful to distinguish the following classes
of curves:
Strongly regular curves: Every strongly regular C3-curve is a Frenet curve. It has a
canonical Frenet apparatus with principal normal N = N+ and curvature κ = κ+ > 0.
Analytic curves: Nomizu (1959) showed that an analytic curve is a Frenet curve and has
at most isolated inflection points, unless it is a line segment. In fact, Nomizu showed
constructively that this is the case for every normal curve, that is C∞-curve which in
every point has at least one non-vanishing derivative.
Frenet curves without line segments: For a Frenet curve without line segments, N, B,
and κ are unique up to sign and τ is a curve invariant.
Frenet curves with generic Frenet apparatus: A generic Frenet apparatus is station-
ary along line segments (if such exist). It is unique up to the sign of N, B, and κ.
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Frenet curves: A Frenet curve containing line segments has an infinite family of Frenet
apparatuses. In strongly regular points, the Frenet frame is determined up to sign but
along each line segment, it can rotate arbitrarily around the tangent and the torsion can
vary arbitrarily. Only the magnitude of the curvature, |κ| = κ+, is a curve invariant.
The total torsion modulo pi over a curve segment is invariant (2.17).
Regular curves: A regular curve need not be a Frenet curve. However, any regular C2-
curve has a family of Bishop frames (Bishop (1975) and Menninger (1996): ch. 6).
2.3 The Bishop Frame
Definition 2.19 (Bishop Frame). Given a unit speed C2 space curve with unit tangent vector
T. A Bishop frame (or parallel transport frame) is a tangential moving frame (T,N1,N2) with
both normal components being parallel, i.e. having tangential derivatives along the curve.
Equivalently, it is a tangential moving frame with vanishing coefficient function k3. The
equations for the derivatives assume the form
TN1
N2


′
=

 0 k1 k2−k1 0 0
−k2 0 0

 ·

TN1
N2

 .
and the tuple (k1, k2) is called the Bishop (or normal) development of the associated curve.
The Frenet and the Bishop frame are the only ways to construct a tangential moving
frame with one coefficient of the derivative equations vanishing (cf. Bishop (1975)). A
Frenet frame can be rearranged into a Bishop frame, and vice cersa.
Theorem 2.20 (Rearrangement of Moving Frames). Given a Frenet system (T,N,B, κ, τ).
a) (T,−N,−B,−κ, τ) is an equivalent Frenet system.
b) (−T,−N,B, κ,−τ) is also a Frenet system but it’s not equivalent because orientation
is not preserved.
c) (B,−N,T, τ, κ) is a Frenet system characterizing a curve with B as unit tangent.
d) (N,−T,B, κ, τ) is a Bishop system with N as unit tangent.
e) Conversely, a Bishop system (T,N1,N2, k1, k2) can be rearranged into a Frenet system
(−N1,T,N2, k1, k2).
Theorem 2.21 (Family of Bishop Frames). Given a Bishop frame (T,N1,N2). The totality
of equivalent Bishop frames consists of frames (T,N1,N2) of the form:(
N1
N2
)
=
(
cosϕ0 − sinϕ0
sinϕ0 cosϕ0
)
·
(
N1
N2
)
They differ only by a rotation by a constant angle ϕ0 ∈ R in the normal plane. The Bishop
development of a regular curve, conceived of as a parametrized plane curve, is uniquely
determined up to a rotation about the origin.
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Proof. This is a consequence of theorem 2.8 with k3 = k3 = 0⇒ ϕ′ = 0.
Every regular C2-curve has a family of Bishop frames and congruent Bishop develop-
ments, which can serve as an invariant (up to rotation) of the curve (cf. Bishop (1975)).
The existence proof is omitted as it is not needed for this paper but when a Frenet frame is
given, it is straightforward to construct an equivalent Bishop frame.
Theorem 2.22 (Bishop Transformation). Let (T,N,B, κ, τ) be a Frenet apparatus of a
Frenet curve. Then the family of equivalent Bishop apparatuses (T,N1,N2, k1, k2) is given
as follows:(
N1
N2
)
=
(
cosϕ − sinϕ
sinϕ cosϕ
)
·
(
N
B
)
,
(
k1
k2
)
= κ
(
cosϕ
sinϕ
)
, ϕ = ϕ0 +
∫
τ,
with a constant parameter ϕ0 ∈ R. This conversion is called Bishop transformation.
Proof. The Bishop transformation is an application of theorem 2.8 with k1 = κ, k2 = 0,
k3 = τ , and k3 = 0.
Theorem 2.23 (Inverse Bishop Transformation). A regular C2 curve with Bishop apparatus
(T,N1,N2, k1, k2) is a Frenet curve if and only if it has a Bishop development that can be
expressed in polar coordinates (
k1
k2
)
= ω
(
cosϕ
sinϕ
)
with continuous polar radius ω and differentiable polar angle ϕ. A Frenet apparatus can
then be constructed as follows:
(T, N = cosϕN1 + sinϕN2, B = − sinϕN1 + cosϕN2, κ = ω, τ = ϕ′).
Proof. Any Frenet curve must have a Bishop development of this form (theorem 2.22) and if
such a Bishop apparatus exists, inverting the Bishop transformation must result in a Frenet
apparatus.
2.4 Successor Curves
This section introduces certain transformations of the Frenet apparatus that preserve the
Frenet property. In this way, new curves can be derived and solutions to their natural
equations be obtained from known cases.
Definition 2.24 (Successor Curve). Given a unit speed C2 curve x = x(s) with unit tangent
T. A curve x1 = x1(s) (with the same arc length parameter) that has T as principal normal
is called a successor curve of x. A Frenet frame (T1,N1,B1) is called successor frame of the
Frenet frame (T,N,B) if N1 ≡ T.
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Theorem 2.25 (Successor Transformation of Frenet Apparatus). Every Frenet curve has
a family of successor curves. Given a Frenet system F = (T,N,B, κ, τ), the totality of
successor systems F1 = (T1,N1,B1, κ1, τ1) is as follows:

T1N1
B1

 =

0 − cosϕ sinϕ1 0 0
0 sinϕ cosϕ

 ·

TN
B

 ,
(
κ1
τ1
)
= κ
(
cosϕ
sinϕ
)
, ϕ(s) = ϕ0 +
∫ s
s0
τ(σ)dσ,
with a constant ϕ0 ∈ R. The Darboux vector of F1 is Dω1 = κB and is normalizable with
angular speed κ (the successor curve’s signed Lancret curvature).
Proof. The tangent of a successor curve is a parallel unit vector field relative to the original
curve. Any normal component of a Bishop frame thus is a tangent to a successor curve,
and vice versa. Therefore, all successor frames can be obtained by applying the Bishop
transformation (2.22) to any Frenet frame of the original curve and rearranging the resulting
Bishop apparatus into a Frenet apparatus (2.20 e). The family of successor curves is well-
defined in that it does not depend on the choice of Frenet system of the original curve.
Theorem 2.26 (Predecessor Transformation of Frenet Apparatus). Given a Frenet appara-
tus with a Frenet development that can be expressed in polar coordinates,
F1 = (T1,N1,B1, κ1 = ω cosϕ, τ1 = ω sinϕ)
(ω continuous, ϕ differentiable). Then F = (T,N,B, κ = ω, τ = ϕ′) with
T = N1, N = − cosϕT1 + sinϕB1, B = D1 = sinϕT1 + cosϕB1.
is a Frenet apparatus, called a predecessor apparatus of F1. D1 is the unit Darboux vector
of F1 and F1 is a successor apparatus of F .
If F1 is at least C2 and has positive Lancret curvature ω1+ =
√
κ21 + τ
2
1 =: ω, then it
has a uniquely (up to sign) determined, strongly regular predecessor apparatus
N =
1
ω
(−κ1T1 + τ1B1), B = 1
ω
(τ1T1 + κ1B1), κ = ω > 0, τ =
κ1τ
′
1 − κ′1τ1
ω2
.
Proof. The predecessor transformation is obviously the inverse of the successor transfor-
mation 2.25. If κ1 and τ1 never vanish simultaneously, they can be expressed in polar
coordinates with radius ω1+ and angle ϕ. Observe that κ1 cosϕ = τ1 sinϕ. Differentiat-
ing and multiplying with ω yields κ1τ
′
1 − κ′1τ1 = ϕ′ω2 and the result for τ follows. If
κ1 > 0, ϕ = arctan τ1/κ1.
Remark 2.27. The predecessor transformation for the strongly regular case was described
in Bilinski (1955). See also Bilinski (1963) and Hoschek (1969). Note that in general, there
is no well-defined predecessor curve for a given Frenet curve because it depends on the choice
of principal normal.
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Remark 2.28 (Closed Curves and Periodic Frames). Under what conditions a Frenet curve
is closed is an open problem, known as the closed curve problem (Fenchel (1951)). The
existence of a Frenet development that is periodic with respect to the arclength is necessary
but not sufficient for the curve to be closed. Note that the arc length parametrization of a
closed curve of length L is obviously L-periodic but it need not have an L-periodic Frenet
apparatus, only one that is 2L-periodic (picture a Frenet frame along a Mobius strip reversing
its orientation after each loop).
The total torsion of a closed curve is a curve invariant (modulo pi) not depending on the
choice of the Frenet frame (see 2.17; Wong and Lai (1967): 151.) In the case of a periodic
Frenet apparatus, F(s + P ) = F(s) for all s, the torsion angle ∫ s0+P
s0
τ(s) ds mod pi is a
curve invariant at least if κ(s0) 6= 0. It corresponds to the change in the polar angle of the
equivalent Bishop development (theorem 2.23). Any Bishop apparatus, and consequently
any successor apparatus F1, is periodic if and only if the total torsion of F is a rational
multiple of pi (theorem 2.25).
Conversely, if F1 is periodic with positive Lancret curvature, its Frenet development is a
twodimensional closed loop not meeting the origin. Any predecessor apparatus is also peri-
odic and its total torsion corresponds to the polar angle traversed during a full loop (theorem
2.26), therefore it is an integer multiple of 2pi. If κ1 > 0, the Frenet development cannot
loop around the origin and the total torsion of the predecessor curve vanishes (compare Hartl
(1993): 37).
Remark 2.29 (Closed Spherical Curves). In the case of lines of curvature (remark 2.11),
the Darboux moving frame forms a Bishop frame. Because the surface normal in any point is
unique up to sign, a closed line of curvature of length L has a 2L-periodic Bishop frame and
its total torsion is kpi (Fenchel (1934); Menninger (1996): 61; Qin and Li (2002)). Spherical
curves are a special case of lines of curvature. Their Bishop development lies on a straight
line not meeting the origin (Bishop (1975)). A closed spherical Frenet curve of length L
has L-periodic Frenet and Bishop frames and, as is well known, its total torsion vanishes
(Menninger (1996): 61-64).
1Wong and Lai (1967) mistakenly state that the total torsion is a curve invariant modulo 2pi.
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3 Plane Curves, Helices and Slant Helices
Wo now apply the theory of successor curves to solve the natural equations of the helix and
slant helix.
3.1 Plane Curves
Theorem 3.1 (Plane Curves). A regular C2 space curve lies on a plane if and only if it has
a generic Frenet apparatus with constant binormal and vanishing torsion.
Given continuous functions κ = κ(s) and τ ≡ 0 defined on an interval s0 ∈ I ⊂ R. Let
Ω(s) =
∫ s
s0
κ(σ)dσ and
TP (s) =

cosΩ(s)sinΩ(s)
0

 , NP (s) =

− sinΩ(s)cosΩ(s)
0

 , BP =

00
1

 .
Then FP = (TP ,NP ,BP , κ, τ) is a generic Frenet apparatus of the plane curve characterized
by κ and τ . Its tangent and principal normal images lie on the equator, its binormal is
constant and its axis of motion is fixed, with unit Darboux vector DP = BP .
Proof. Let x(s) be a regular plane curve and B0 a unit normal of the plane. If x(s0) is
a curve point, x(s) − x(s0) ⊥ B0 ⇒ 〈x′(s),B0〉 = 〈T(s),B0〉 = 0 ⇒ 〈T′(s),B0〉 = 0. By
definition 2.9, B0 is a binormal of the curve and the curve is a Frenet curve. With a constant
binormal, τ = 〈B′0,N〉 ≡ 0.
Finally, it is easy to verify that FP satisfies the definition of a generic Frenet apparatus
and determines a plane curve. Its Darboux vector DωP = κBP is normalizable.
3.2 General Helices
Definition 3.2 (General Helix, Slope Line). A regular C2-curve is called a helix or general
helix (also slope line or curve of constant slope) if at every point its tangent vector makes a
constant angle (the slope angle) θ ∈ (0, pi/2) with a fixed direction, represented by a unit
vector D0 called the slope vector.
Remark 3.3. Straight lines (θ = 0) and plane curves (θ = pi/2) are excluded.
Theorem 3.4 (General Helices). A curve is a general helix if and only if it is a successor
curve of a plane curve, and not itself a plane curve.
Proof. Given a helix with unit tangent T and slope vector D0. It is 〈T,D0〉 = const. ⇔
〈T′,D0〉 = 0. N = csc θD0 × T is a unit normal vector that normalizes T′ and therefore
is a principal normal.
∫
N is a plane curve with plane normal D0 and tangent N and by
definition, the helix is its successor curve.
Conversely, let T be the tangent of a plane curve with unit plane normal B0 and T1 the
tangent of a successor curve. 〈T′1,B0〉 = 〈κ1T,B0〉 = 0⇔ 〈T1,B0〉 = const.
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Theorem 3.5 (Frenet Apparatus of General Helix). A regular C2 space curve is a general
helix with slope angle θ ∈ (0, pi/2) if and only if it has a Frenet development satisfying
τ = cot θκ.
Given a constant θ ∈ (0, pi/2) and continuous functions κ, κH = sin θ κ, τH = cot θ κH =
cos θ κ : I 7→ R, s0 ∈ I. Let Ω(s) =
∫ s
s0
κ(σ)dσ and
TH(s) =

 sin θ sinΩ(s)− sin θ cosΩ(s)
cos θ

 , NH(s) =

cosΩ(s)sinΩ(s)
0

 , BH(s) =

− cos θ sinΩ(s)cos θ cosΩ(s)
sin θ

 .
Then FH = (TH ,NH,BH , κH , τH) is a generic Frenet apparatus of a general helix with
slope angle θ. Its tangent has constant slope θ, its binormal has constant slope pi/2− θ and
its principal normal image lies on a great circle. Its axis of motion is fixed in the direction
of the slope vector D0, with unit Darboux vector DH = D0 and angular speed κ.
Proof. Any helix is successor curve of a plane curve and has a Frenet apparatus FH that is
successor apparatus (theorem 2.25) of the generic Frenet apparatus of a plane curve (theorem
3.1). Every choice of ϕ0 = θ ∈ (0, pi/2) results in a distinct successor curve. FH is generic
as τH vanishes whenever κH vanishes.
3.3 Slant Helices
Definition 3.6 (Slant Helix). A Frenet curve is called a slant helix (Izumiya and Takeuchi
(2004)) if it has a principal normal that has constant slope θ ∈ (0, pi/2).
Slant helices by definition are exactly the successor curves of proper general helices and
a Frenet frame is obtained by applying the successor transformation. A parametrization of
the unit tangent is now given. For convenience we’ll denote m := cot θ, n := m/
√
1 +m2 =
cos θ, n/m = sin θ.
Theorem 3.7 (Frenet Apparatus of Slant Helix). A regular C2 space curve is a slant helix
if and only if it has a Frenet development satisfying
κSH =
1
m
ϕ′ cosϕ, τSH =
1
m
ϕ′ sinϕ
with a differentiable function ϕ(s) and m = cot θ 6= 0.
Given such a Frenet development and let Ω(s) := ϕ(s)/n, λ := − n, λ :=  + n with
n = cos θ. Then the tangent vector of the slant helix thus characterized can be parametrized
as follows:
TSH(s) =
1
2

λ1 cosλ2Ω(s) + λ2 cosλ1Ω(s)λ1 sinλ2Ω(s) + λ2 sinλ1Ω(s)
2 n
m
sin nΩ(s)


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The slant helix is the successor curve of a helix with curvature κH = ϕ
′/m and torsion
τH = ϕ
′. The regular arcs traced by TSH are spherical helices and the slant helix has a
Darboux vector with constant slope pi/2− θ and speed of precession ω = κH . Slant helices
are generic.
Proof. The successor transformation (theorem 2.25) of FH gives ϕ = ϕ0 + m
∫
κH and
κSH = κH cosϕ = m
−1ϕ′ cosϕ, τSH = m
−1ϕ′ sinϕ. Further, Ω = Ω + m/n
∫
κH . The
integration constant Ω (omitted in theorem 3.5) can be set arbitrarily because it only
effects a rotation of the frame of the helix. We set Ω = ϕ/n to get ϕ = nΩ. For the
successor tangent, we have TSH = − cosϕNH + sinϕBH . Therefore
TSH =

− cosnΩ cosΩ − n sinnΩ sinΩ− cosnΩ sinΩ + n sinnΩ cosΩ
n
m
sin nΩ


which can be simplified as above (the first two components have been reflected for conve-
nience). Parametrizations of principal normal and binormal can be obtained in the same
way but are omitted here.
The regular segments of the tangent image are slope lines with the principal normal as
tangent. By construction, the unit Darboux vector of the slant helix is the binormal of a helix,
which has constant slope (cf. theorem 2.25). The Darboux vector is κHBH and the function
ω = κH is the signed Lancret curvature. The Frenet apparatus thus constructed is generic,
since along line segments, ϕ′ = 0 and therefore curvature and torsion both vanish.
Remarks 3.8 (Natural Equations of Slant Helix).
1. The natural equations for slant helices derived above are of unrestricted generality.
Any choice of a continuous function ϕ(s) and constant θ ∈ (0, pi/2) gives rise to a well-defined
slant helix.
2. It is easy to verify that under the assumption κ 6= 0, the natural equations of the slant
helix are equivalent to the condition
κ2
(κ2 + τ 2)3/2
(τ
κ
)
′
= m.
This expression is equivalent to the geodesic curvature of the spherical image of the principal
normal (see Izumiya and Takeuchi (2004)), which is part of a circle.
3. Solving the differential equation ϕ′ cosϕ = mκ for ϕ yields cosϕdϕ = mκds ⇒
sinϕ(s) = m
∫
κ ds. Similarly, cosϕ(s) = −m ∫ τds. Thus the plane curve with total
curvature and total torsion as coordinates is circular. Further, if ϕ mod 2pi is a periodic
function (and consequently the Frenet apparatus is periodic), then total curvature and total
torsion over each period vanish.
4. Restricting ϕ to (−pi/2, pi/2), the torsion can be expressed as τ = κ tanϕ = κ sinϕ√
1−sin2 ϕ
.
It follows (cf. Ali (2012)):
τ(s) = κ(s)
m
∫
κ(s)ds√
1−m2(∫ κ(s)ds)2 .
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Given an arbitrary curvature κ, a torsion function can be constructed to create a slant helix,
provided that the domain of s is appropriately restricted.
5. An interesting application is the construction of a Salkowski curve (Salkowski (1909),
Monterde (2009), Ali (2012)), a slant helix with constant curvature:
κS(s) ≡ 1, τS(s) = ms√
1−m2s2 , m 6= 0, s ∈ (−1/|m|,+1/|m|).
It follows sinϕ = ms, ϕ = arcsinms, cosϕ =
√
1−m2. The Salkowski curve is the successor
curve of its unit tangent vector, which is a spherical helix and has the same arc length. Its
curvatures are
κH =
1√
1−m2s2 , τH = mκH .
6. The case ϕ′ = const. gives rise to the class of curves of constant precession (Scofield
(1995)). Setting ϕ(s) := µs and ω := µ/m and α := µ/n =
√
ω2 + µ2, we substitute
Ω = αs and λ1 = (α− µ)/α, λ2 = (α + µ)/α in the formulae for the slant helix.
Theorem 3.9 (Curves of Constant Precession). A curve of constant precession has curvature,
torsion and tangent parametrization as follows:
κCP = ω cosµs, τCP = ω sin µs
TCP =
1
2α

(α− µ) cos(α + µ)s+ (α + µ) cos(α− µ)s(α− µ) sin(α + µ)s+ (α + µ) sin(α− µ)s
2ω sinµs


with arbitrary constants ω, µ 6= 0 and α =
√
ω2 + µ2.
An explicit arclength parametrization of the curve is obtained by elementary integration.
The resulting curve of constant precession lies on a hyperboloid of one sheet, and it is closed
if and only if cos θ = µ/α is rational (figure 2 in Scofield (1995)).
Remark 3.10. Curves of constant precession are exactly the successor curves of circular
helices with curvature ω and torsion µ, which in turn are successor curves of circles. Closed
plane curves have zero total torsion and their successor helices have periodic Frenet frames
(2.28) but are not closed. The Frenet frame of the circular helix has period L = 2pi/α and
its total torsion is 2piµ/α and so the successor apparatus is periodic if and only if µ/α is
rational. In this case, we obtain a closed curve. Both the total curvature and total torsion
of a closed curve of constant precession vanish (consistent with remark 3.8.4).
Total curvature has a geometric interpretation as follows. The absolute total curvature
on a strongly regular curve segment is equivalent to the length of the arc traced by the
tangent on the sphere. Vanishing total curvature implies that the arc lengths of the tangent
image between the cusps (inflection points) add up to zero, when each is assigned the sign of
the curvature. In the case of curves of constant precession, each ”upward” arc of the tangent
image is balanced out by a ”downward” arc of the same length (figure 1 in Scofield (1995)).
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Outlook
In this paper, a successor transformation was introduced for Frenet curves and it was shown
that the successor curves of plane curves are helices, and their successor curves slant helices.
This procedure could be repeated indefinitely to give rise to new, yet unexplored classes of
curves. In particular, applying the transformation to a closed curve of constant precession
should result in a curve with periodic Frenet apparatus and potentially also closed.
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